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1 Introduction

For the large scale 0-1 programming problems, people usually suffer from the so-called “dimension disas-
ter”, i.e., the time used for finding the exact solution increases exponentially with respect to the scale of
the problem (see, e.g., [4] for details). When this happens, various heuristic approaches, such as branch
and bound (e.g., [7]), genetic algorithms (e.g., [3]), and probabilistic search (e.g., [2]) should be used to
find the approximate solutions instead of the exact one. For the 0-1 programming problems heuristic al-
gorithms are not always needed, especially with some instances of special structures. Padberg [5] showed
that some special set packing problems, which can be modeled as 0-1 programming problems with perfect
0-1 coefficient matrix, can be solved by solving their linear programming (LP) relaxation problems with
a polynomial-time algorithm. Similar results hold for the set covering and the set partitioning problems
with ideal matrices (see [6] for details). Bilitzky and Sadeh [1] identified sufficient conditions on the co-
efficient matrix under which the linear 0-1 programming problem can be polynomially solved by solving
its LP relaxation problem.

The papers [1, 5, 6] concerned about establishing efficient algorithms to find the optimal solutions for
the special linear 0-1 programming problems. While in this paper, we identify a class of nonlinear 0-1
programming problems that can be solved by polynomial-time algorithms. Specifically, we consider the
following 0-1 programming problem:

Min f(z) = Z (bj Zn:aa:]> - 22: ijcﬁxﬁ, (1)

j=1 i=1 j=1i=1
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s.t. mo; =2 xy;, foranyi=1,2,...,n,
2
T = (T11,...,T1n, T21,- .., T2n) € {0,1}7",
where 0 < s <1, a; >0, b; >0, ¢j; >0, and n is an integer. In the following discussion, we will provide
two polynomial-time algorithms to solve this problem and present one of its applications in supply chain
management.
The rest of this paper proceeds as follows. In Section 2, we propose and analyze two polynomial-time

algorithms to solve Problem (1). In Section 3, we give a real-world industrial application of Problem (1).
In Section 4, we extend the results in Section 2 to a more general case.

2 Algorithms

For convenience, we assume that there are n items, which are indexed by 1,2,...,n. Each item i
possesses attributes a; and ¢j; (j = 1,2). Denote the set consisting of all items by S = {1,2,...,n}. For
any feasible solution x = (211, ..., Z1pn, T21,-..,2Z2,) of Problem (1), define Sy(x) = {i | z1; = x9; = 1},

Sa(x) = {i | w1, = 0,29; = 1}, S3(z) = {i | x1; = z2; = 0}. Clearly, Si(x) U Sa(x) U S3(x) = S and
Sk(z) N S;(z) = @ for any k # [. Sort all items in the ascending order by c1;/a;, and define Ry (i) as
the ranking position of item ¢ (i = 1,2,...,n). Sort all items in the ascending order by cg;/a;, and
define Ry(i) as the ranking position of item i (¢ = 1,2,...,n). Sort all items in the ascending order
by (c1; + ¢2;)/a;, and define R3(i) as the ranking position of item i (¢ = 1,2,...,n). For example, if
k1 = argmax;{c1;/a; |i=1,2,...,n}, then Ry(k1) = n.

Theorem 2.1.  Assume Ry(i), Ra(i) and R3(i), i = 1,2,...,n, are determined. Then any optimal
solution x* for Problem (1) satisfies the following properties:

(a) Ri1(k) < R1(l) for any k € So(x*),l € S1(x*);

(b) Ra(k) < Ro(l) for any k € S3(x*),l € Sa(z*);

(c) Rs(k) < R3(l) for any k € S3(x*),l € S1(z*).

Proof. = We prove it by contradiction. Suppose there exists an optimal solution x* violating at least
one of the three properties, e.g., (c) (Here we only provide the proof when z* violates (c); proofs for the
others with (a) or (b) violated are similar).

Since z* violates (c), there exist k € S3(x*) and | € S1(z*) such that (c1x + cor)/ar = (c11 + car)/ai.
By the definitions of Ss3(z*) and Si(z*), we have zf, = x5, = 0, =, = 23, = 1. Choose z =
(21155 Z1ns 221, -+, 220) € {0,1}7", where 21 = 2zpp = 1 and zj; = 2; for any j = 1,2 and @ # k.
The theorem is clearly true by contradiction if it holds that f(z) < f(z*), which is equivalent to

S
<b1 > ay; + ba + bl%) =) el — e — o

i#k,l ikl
S
+ <bz > aiwy; + boas + b2ak) — Y coih; — o — o
ikl ikl
S S
< <b1 > ait; + blal> - > curl; —cu+ <b2 D s+ bQGZ) = > ey —ca. (2)
ikl ikl ikl ikl

Denote A; = b; Zi;‘ék,l a;x5;, Ao = by Z#k,’l a;x5;. Then Inequality (2) is equivalent to
(A1 + bra; + blak)s — (A1 + blal)s + (A2 + boa; + bgak)s — (A2 + bgal)s < C1k + Cok- (3)

Consider the function g(n) = n®. By the Mean Value Theorem, we know that there exist 8, € (4;
+ bra;, Ay + bra; + blak), B € (AQ + baay, As + boa; + bgak) such that

(A1 + bia; + blak)s — (Al + blal)s =biay - Sﬂf_l

and
(AQ + boa; + bgak)s — (Az + bgal)s = boay, - Sﬂg_l.
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Thus, Inequality (3) is equivalent to

bisfy " +basfB5T ! < (ck + car)/a. (4)

To prove this theorem, we only need to prove Inequality (4).
Choose y = (Y11, -+ Yins Y215 - - - Y2n) € {0,1}?", where y1; = yo = 0 and y;; = x}; for any j = 1,2
and ¢ # [. Since z* is the optimal solution of Problem (1), we have f(z*) < f(y). ThIlb we have

(A1 + b1ay)® — A + (As + beay)® — A5 < c1y + oy (5)

By the Mean Value Theorem there exist a; € (A1,A1 + bia;) and as € (Ag, As + boa;) such that
(A1 +aiby)® — A = aiby - saj L and (A + aibe)® — A5 = ajby - sag_l. Thus, Inequality (5) is equivalent
to

by -sai by - say T < ey + ) /an. (6)
Fora; >0 (i=1,2,...,n) and b; >0 (j = 1,2), we have 81 > a1, B2 > aa. Note that 0 < s < 1. Then
sn*~! is strictly decreasing in 7, which together with the condition that (c1; + co;)/a; < (c1x + cor)/ak
implies

bi-sBi Hby-sB5 7 <by-sai Tt by sasTh < (cu +ea)/ar < (ean + cax)/ay.
Therefore, Inequality (4) is true. This completes the proof. O
Theorem 2.1 characterizes the necessary conditions for the optimal solution of Problem (1).

Corollary 2.1.  Assume that R1(i), Ro(i) and R3(i),i = 1,2,...,n, are determined and that x satisfies
the three properties in Theorem 2.1.
(a) Let k = max{R3(i) | i € S3(x)} and define G ={i € S| R3(i) < k}. Then we have Ss(z) C G and
Si(z) NG = 0;
(b) Let p = max{Ry(i) | i € S3(x)} and define Ps = {i € G | R2(i) < p}. Then we have Ss(x) = Ps;
(c) Let q = max{R1(i) | i € Sa(z)} and define Po = {i € S\P; | Ra2(i) < q}. Then we have
Sa(x) =
Proof.  Part (a). If S3(z) € G, then there exists an item ¢ in S3(z) such that Rs(¢) > k, which
contradicts the definition of k. If S1(x) NG # 0, then there exists an item ¢ in S1(x) such that Rs(i) < k.
Clearly, R3(i) # k, since the item ig that satisfies R3(ig) = k belongs to S3(z) and Sy (z) N S3(z) = 0.
Therefore, we have R3(i) < R3(ig) with ¢ € S1(x) and iy € S3(x), which contradicts with Theorem 2.1.
Part (b). Using a similar method to that in Part (a), one can prove that S3(x) C Ps and Sy(z)NPs = 0.
Note that P; C G and S1(x) NG = ), then we have P3N (S3(z) U Si(x)) = @, which, together with the
facts S1(z) U Se(x) U S3(x) = S and Si(x) N S;(x) = 0 for k # [, indicates P; C S3(x). This completes
the proof of Part (b).
The proof of Part (c¢) is similar to that of Part (b), so we omit it here. O

Based on Corollary 2.1, we propose the following algorithm.

Algorithm 2.1.

Step 1: Solve Ry(3), Ro(i) and R3(i) (i =1,2,...,n) by some sorting procedure.
Let k=0, 2* = (0,0,...,0) and v* = 0.

Step 2: Let

[ it k=0
GU{i| R3(i) =k}, if k>0.
Forp=0,1,...,k
Let P3 = {i1,...,ip} C G, where i1, ...,1, are p items such that Rs(i1),..., Ra(ip) are the p
smallest numberb in {R2(7) | 1 € G}.
Forq=0,1,...,n—p
Py = {i},...,iy} C S\P3, where i,... i, are q items such that R;(i}),..., Ri(i}) are

v Yq q
the ¢ smallest numbers in {R1(7) | i € S\Ps}.



626 Wang M et al. Sct China Math ~ March 2011 Vol. 54 No.3

Let P1 :S\(Pgupg)
Define z = (211,212, -+, Z1n, X215 -, Z2n) such that xy; = x9; = 1 if i € Py; xy; =
O,I'Qi:lifiepg; xli:l'gi:()if’iepg.
Calculate v = f(x).
If v < v*, then let z* = x, and v* = v.
End
End
Step 3: Let k =k + 1.
If £ < n, go to Step 2.
Else, stop and output z* as an optimal solution and v* as the optimal value.

Theorem 2.2.  Algorithm 2.1 is able to find the optimal solution of Problem (1). The complexity of
Algorithm 2.1 is O(n?).

Proof.  To show that Algorithm 2.1 can find the optimal solution of Problem (1), we only need to prove
that all feasible solutions satisfying properties (a)—(c) in Theorem 2.1 (for Ry (%), R2(i), Rs(i) generated
in Step 1 of Algorithm 2.1) are examined by Algorithm 2.1.

For any feasible solution z satisfying properties (a)—(c) in Theorem 2.1, let ko = max{R3() | i € S3(z)},
and pg, go be the total numbers of elements in S3(z) and Sa(x), respectively. Then z is examined by
Algorithm 2.1 when k = ko, p = po and ¢ = go (in this case, P, = Si(z), P» = Sa(z), P3 = Ss(x)).

Clearly, Step 1 runs in O(nlogn), and Step 2 runs in O(n?) for any given k. Note that k varies from
0 to n, then Algorithm 2.1 possesses a complexity of O(n?) = O(max{nlogn,n3}). O

Next, we will propose another algorithm with a lower complexity. Before presenting this algorithm,
we will provide two sub-algorithms, which are called in this algorithm.

Sub-Algorithm 2.1.

Input: A set G CS.

Step 1: Denote the total number of elements in G by |G|. Sort the items in G in ascending order by
c1i/ai, and save the ranking position of each item 7 in G as R(4).
Let k=1, Ff =0, F5 =G, v" = (b1 Y ;e 0i)° — > ;cc Cli-

Step 2: Let Fy = {i1,..., 4} such that R(i1) =1,..., R(ix) = k, and Fy = G\ F1.
Calculate v = (b1 D i, @i)® — D i, Cli-
If v < v*, then let v* = v, F}' = F1, F5 = Fb.

Step 3: Let k =k + 1.
If k < |G|, go to Step 2.
Else, stop and output Fy, Fy, v*.

Sub-Algorithm 2.2.

Input: A set G C S.

Step 1: Denote the total number of elements in G by |G|. Sort the items in G in ascending order by
c2i/a;, and save the ranking position of each item i in G as R(i).
Let k=1, Ff =0, F5 =G, v* = (ba D ,c5@i)® — D ;cq Coi-

Step 2: Let Fy = {i1,...,4} such that R(i1) =1,..., R(ix) = k, and F» = G\ F}.
Calculate v = (by Zie& a; + b ZieS\G a;)® — Zing Coi — ZieS\G C9;.
If v < v*, then let v* = v, F}' = F1, F5 = Fb.

Step 3: Let k =k + 1.
If £ < |G, go to Step 2.
Else, stop and output Fy, Fy, v*.

Based on these two sub-algorithms, we present the main algorithm as follows.

Algorithm 2.2.
Step 1: Solve Ry(i), Ra(i), and R3(3) (i =1,2,...,n) by some sorting procedure.
Let k=0, z* = (0,0,...,0) and v* = 0.
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Step 2: Let

0, if k= 0; S, if k =0;
G]_ = G2 =
Gy U{i| R3(i) =k}, if k>0, Go\{i | R3(i) = k}, if k> 0.

Call Sub-Algorithm 2.1 with input G9, and save the output F} — P, Fy — P, v* — v,
Call Sub-Algorithm 2.2 with input G, and save the output F} — Ps, F3 — Py, v* — vy,
Let szpQUﬁg.
Define x = (x11,$12,. s Tin s T21y - - - ,xgn) such that T1; = T2 = l1ifi e Pl; T1; = 0, To; = 1if
’iepg;%li:IQi:OifZ‘GPg.
If v1 + v < v*, then let 2* = x and v* = vy + va.

Step 3: Let k =k + 1.
If k£ < n, go to Step 2.
Else stop and output z* as an optimal solution and v* as the optimal value.

Here we show that Algorithm 2.2 indeed finds the optimal solution of Problem (1).

Lemma 2.1.  Assume that Ry(i), Ra(i) and R3(i), i = 1,2,...,n, are determined. For any optimal
solution x* of Problem (1), denote k* = max{R3(i) | i € S3(z*)}. Then we have

(1) x5, =0, for all i € {i | R3(i) < k*};

(2) x5, =1, for alli € {i | Rs(i) > k*}.
Proof. Tt is obvious from Theorem 2.1 and the definitions of z*, k* and S3(z*). O

Lemma 2.2.  For any given input G C S, let

S s
Q(F) = (b1 Z%) - ZCM’ 92(F) = (52 Zai + be Z ai) - ZC%
ieF ek ieF i€S\G ieF
be two functions defined on {F | F C G}.
(a) The output Fy of Sub-Algorithm 2.1 satisfies g1(Fy) = min{g, (F) | F C G};
(b) The output F of Sub-Algorithm 2.2 satisfies go(Fy) = min{g2(F) | F' C G}.
Proof.  The proof is similar to that of Theorem 2.1. |

Theorem 2.3.  Algorithm 2.2 is able to find the optimal solution of Problem (1). The complexity of
Algorithm 2.2 is O(n?).

Proof. ~ 'We only need to prove that any solution that satisfies the two properties in Lemma 2.1 can be
dominated by some solution examined in Algorithm 2.2.

For any feasible solution y satisfying the two properties in Lemma 2.1, let kg = max{R3(i) | i € S3(y)},
Sy(y) = {i € Sa(y) | Rs(i) < ko}, Sa(y) = Sa(y)\S2(y). Consider Step k = ko of Algorithm 2.2. Denote
by 2(%) the solution generated in Step k = ko of Algorithm 2.2. Then ngO), ng(’), 1(k°), Pz(k(’), Pz(kg),
P3(k°) denote the corresponding items G1, Ga, P, Py, Py, P generated in Step k = kg of Algorithm 2.2.
To prove that Algorithm 2.2 can find an optimal solution of Problem (1), we only need to prove that
Fa®) < £(y).

By the definition of y, we have y;; = 0 for all i € {i | R3(i) < ko} = GY%), which means i ¢ S;(y) for
any i € {i | Rs(i) < ko} = ng(’). Similarly, we have i ¢ S3(y) for any i € {i | R3(¢) > ko} = Gékg). Thus,
it holds that S3(y) U Sa(y) = ngo) and S (y) U Sa(y) = ng(’). Since y satisfies the properties (1)—(2) of
Lemma 2.1, we obtain the following equation:

fly) = (bl > aipitb Y ail/li) +<b2 > aimpitby Y az‘ym‘)

ieG{Fo) ieG{r0) ieGiFo) ieGiro)
- E C1iY1i — E C1iY1i — E C2iY2; — E C2iY2i
ieG{Fo) ieG{ro) iegiFo) iegiro)
Ej S
= <b1 E aiZ/li) + <b2 E a;y2; + A> - E C1iY1i — E c2iY2 — B

ieqo) ieGiFo) ieaFo) iegiFo)
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:<b1 > ai>s+<b2 3 aH—A)S— Y ci— Y, ci—B,

1€S51(y) i€Sa(y) 1€51(y) 1€52(y)
where A = by Ziengo) a;, B = ZieG;ko) c2;. Noticing that x(k”) =0 for i € ng‘)) and xé’?)) =1 for

1€ ng‘)) (see Algorithm 2.2), we then have the following inequality by Lemma 2.2:

f(y)z(bl > ai)s—i-(bg > ai—i-A)S— Y- Y cai—

i€S1(y) i€S2(y) i€S51(y) i€Sa2(y)
S S
> (bl g ai) + <b2 E a; + A> — E c1i — E Coi —
iepl(ko) iEPQ(kO) . P(ko) iEPQ(kO)
(ko) (ko) (ko) (ko) _
<b1 E a;xy; ) ( E a;ixs,” + A E CliTy; E C2i s,
ieqo) ieGiFo) ieGiro) ieGiFo)
= f(a™),

which indicates that y is dominated by z(*0). This implies that Algorithm 2.2 can find an optimal solution
of Problem (1).

Clearly, Step 1 runs in O(nlogn), while Step 2 runs in O(n) for a given k, in which Sub-Algorithm 2.1
requires n — k4 1 times of calculations, and Sub-Algorithm 2.2 requires k4 1 times of calculations. Note
that k varies from 0 to n, then Algorithm 2.2 possesses with a complexity of O(n?) = O(max{nlogn,n?}).
The proof is complete. o

Theorems 2.2 and 2.3 suggest that the “dimension disaster” will not be a problem, because the specific
class of 0-1 programming problems described by Problem (1) can be solved by the two polynomial-time
algorithms proposed above. Consequently, whenever a large-scale problem in industrial practice can be
modeled as a special case of Problem (1), the optimal solution can be obtained with a polynomial-time
algorithm.

3 An application

In this section, we provide a real-world industrial example. Early order commitment (EOC) is one of
the coordinating strategies in supply chain management. Zhao et al. [10] conducted, by simulations,
a comprehensive study of the impacts of EOC on supply chain performance under various operational
conditions. The first analytical model on EOC was developed in [11], which studied the effectiveness
of EOC in a two-level supply chain consisting of a single manufacturer and a single retailer. Xie et al.
[8] extended the results of [11] to a two-level supply chain with a single supplier and multiple retailers.
However, in [8], the authors did not provide any polynomial-time algorithm to find the optimal EOC
periods to minimize the expected holding and shortage cost per period for the whole supply chain. Xiong
et al. [9] provided a polynomial-time algorithm to find such optimal EOC periods by polynomially solving
a class of 0-1 programming problems, which is a special case of Problem (1) in the present paper.

All the above papers discussed two-level supply chains, while in this section, we consider a three-level
supply chain, consisting of a supplier, a wholesaler and multiple retailers. Denote L, as the manufacturing
lead time of the supplier, L,, as the delivery lead time from the supplier to the wholesaler, and L; as the
delivery lead time from the wholesaler to the retailer i. Under the EOC strategy, retailer i (i = 1,2,...,n)
places its order x; periods in advance, 0 < z; < Ls + Ly, +2. When Ly +1 < x; < Ls + Ly, + 2, the
wholesaler will share the EOC information of retailer ¢ to the supplier. Denote x = (x1,x2,...,Z,).
Following the similar method to that in [11], we have that the total cost of the three-level supply chain
(for i.i.d. demand over time) is

SCl —’I"S ZO’ L +1—( i_Lw_1)+)+rw ZU?(LM+1—xi)++2riam/Li+xi+1, (7)

i=1 i=1
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where 7 is the supplier’s cost parameter, r,, is the wholesaler’s cost parameter, r; (i = 1,2,...,n) is the
cost parameter of retailer i, and 02 (i = 1,2,...,n) is the variance of the demand faced by retailer i. The
following proposition characterizes the structure of the retailers’ optimal EOC strategies for the supply
chain.

Proposition 3.1. In the three-level supply chain, the optimal EOC periods x; (k = 1,2,...,n)
minimizing SC1(zx) defined in Equation (7) must be in the set {0, Ly, + 1, Ls + Ly, + 2}.

Proof.  When 0 < xp < Ly, + 1 for some k € {1,2,...,n}, the second partial derivative of SCi(x)
defined in Equation (7) with respect to xy is

0?80 (x) TwoR TR0k

= - <0, 8
o2 A, 02 (L + 1= 2)T + Ly + 1 — 2)3/2 4Ly + a5 + 1)372 (8)

which indicates that the SCy(z) is concave in x. Thus, to minimize SCi(x) in Equation (7), x; must
be either 0 or L,, + 1.

When L, +1 <z < Ls + Ly, + 2 for some k € {1,2,...,n}, it can be proved similarly that SC(z)
is also concave with respect to xp. Therefore, to minimize SCj(x), one only needs to choose xj in
{Ly+1,Ls+ Ly + 2}

From the above, we have that x; must be chosen from the set {0, L,, + 1, Ls + L., + 2}, for k = 1,
2,...,n. O

Define y = (y11, Y12, - - -» Yin, Y21, - - - » Y2n, Y31, - - - » Y3n) such that

1, x;=0, 1, z;=Ly,+1, 1, ;=Ls+ Ly +2,
Y1i = Yo2i = Y3i =
' 0, others, ' 0, others, ’ 0, others.
Since each x; cannot be two values at the same time, y1; + y2; +y3; = 1 (i = 1,2,...,n), Equation (7)
can be expressed as:

SC’g(y) = SCl(l’)

=Ts Z J?(LS + 1)(1 - ySi) + Tw Z U?(Lw + 1)y12

=1 =1

n n n
+ Zﬁ%yu\/ L;+1+ Zriaiy%\/ L;+L,+2+ ZTZ‘O'Z‘y&'\/LS + Ly + L; + 3. (9)
=1 =1 i=1

Replacing ys; by 1 — y1; — yai, we simplify Equation (9) to

SCy(y) = re\| D02 (Ls + D)1 + y2i) + Ty | O 07 (Lw + Dy
i=1 i=1

+ZT¢0i\/Ls+Lw+Li+3*ZT¢U¢(\/Lw+Lz‘+2*\/Lz'Jrl)yu

=1 =1
n

+ > ri0i(VLs + L + Li +3 = VL + Li + 2)(y1i + y2)- (10)
i=1

We then denote r2(Ls + 1) = by, 12 (Ly + 1) = by, 07 = a, Dy riai\/(Ls—l—Lw—i—Li—i—?)) = C,

Tio-i(\/(Lw + Li + 2) - \/(Lz + 1)) = C14, 7‘1'0'1‘(\/([45 + Lw + LZ + 3) - \/(Lw + Lz + 2)) = C9;. Let Y1 +
Yoi = Z2i, Y1 = 21, and then we have

n 1/2 2 n
SCg(Z) = SCQ(y) = Z (b] Zaizji> — Z CjiZji + C, (11)
j=1 i=1 j=1i=1
where 2z = (211,212, - - -, 210, 221, - - -, 22n) € {0,1}?" and 29; > 214, for any i = 1,2,...,n. Since C is a
constant, minimizing SC3(z) in Equation (11) is clearly a special case of Problem (1) with s = 1/2.
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4 Extension

In this section, we consider an extended version of Problem (1):

Min f(z) = i (bj zn: aixﬁ> T i zn: i i, (12)

j=1 i=1 j=11i=1

st. ap =y, forany k>1i=1,2,...,n, xj €{0,1}, for any i and j,
where 0 < s < 1, a; > 0, b; > 0, ¢;; > 0, and n and m are both integers. Here we assume that n is
much larger than m, and in the rest of the paper, we want to find an algorithm to solve Problem (12) in
a polynomial time of n.
In this section, we refer to = as a feasible solution if z satisfies constraints of Problem (12). For any
feasible solution x, define

51(37):{i|1‘1i:x2i:...:mmi:1},
Sk(w):{i|‘Tli:"‘:xk—l,i:O;Iki:“':zmi:l}? k:273,...,m,
Sm+1(x):{l|xlz:$2z:meZ:O}

Let To(x) = 0, Te(z) = Uy, Si(x), k = 1,2,...,m + 1. Clearly, we have Tj(z) = {i | x3; = 1}
(k=1,2,...,m) and Tp,,11(x) = S = {1,2,...,n}. Thus, Equation (12) is equivalent to

m s m S
f(l‘) = Z |:<b] Z ai) - Z Cji:| = Z |:< Z aibj> — Z Cji:| . (13)
J=1 €T () €T} () J=1 = METj 41 (2)\S;41(2) 1€T)41(2)\Sj41(2)

Note that a feasible solution of Problem (12) can uniquely determine a set partition of S, i.e., {Py,...,
P11} with properties Uzr:-ll P, =S and P, NP, = () for any k # [. Conversely, a set partition of S,

{P1,..., Ppnt1}, can also uniquely determine a feasible solution of Problem (12). Therefore, to determine
the optimal solution of Problem (12), one only needs to choose {Pi, ..., P41} to minimize
f(P1a7Pm+1):Z|:<b] Z ai) - Z cji:|7 (14)
Jj=1 1€G 11\ Pjt1 1€G 11\ Pjt1
m—+1

s.t. Gj = Gj+1\Pj+1,j = 1,2,. .. ,m,Gm+1 = S7 U Pk =S.
k=1

Therefore, Problem (12) can be solved by a dynamic programming method. Denote

k s
Vk(Gk):PmiHP Z[(b] Z .CLZ‘) - Z cji:l’ k=2,3,....,m+1,

Jj=2 ieGj\P ieGj\Pj
v (G, Pr) = (bj Z Qi) - Z cji, k=2,3,...,m+1
iEGk\Pk iEGk\Pk

Then the Bellman equation for this problem is

Vk(Gk) = Pincigk{vk(Pk, Gk) + kal(G}cfl)}, k=2,...,m+1,

(15)
Vi(G1) =0, for any Gy C S,
where the decision variables are Py, k = 2,...,m + 1, and the state transformation functions are
Gr1=G\Py, k=2,....m+1. (16)

Proposition 4.1.  Let {Py,..., Py 1} be the solution of the Bellman equation (15) with Gpq = S
and Vyy 1(S) be the corresponding value when Py = Py, ..., Py = Py . Denote Pf = S\( Zﬁ‘; Py).

m

Then the optimal value of Problem (12) is V%, 1(S) and the optimal solution for Problem (12) is x*
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* * * * * * ko ok ok . X .ok ok _
(T3 T gy e Xy e oy Ty Tgy ooy T ), Where xf, = ad, = =ak . =1 fori€ Pf;af, =a3, = =
* - * - — * - - * — . * * — * — - *
rpoy; =0, 25, = =a5,=1, forie Py (k=1,2,...,m);x}; =a3; = =xy,;=0 foriec P;_,.
Proof. 1t is obvious from the analysis above. a

Generally, the Bellman equation (15) is not polynomial-time solvable. However, the following theorem
shows that, to find the solution of the Bellman equation (15), we only need to confine our searchings to the
feasible solutions with special structure. This will considerably decrease the computational complexity.

Define Ry, (i), for any 1 < k <1 < m, as the ranking position of the item ¢ in the ascending order by
(Zé‘:k ¢ji)/a;. By comparison with Ry (i), Ra(?), Rs(i) defined in Section 2, we have that Ry 1(4) here is
equivalent to R1 (i), Rs 2(7) is equivalent to Ra(¢), R1,2(¢) is equivalent to Rg(i).

Theorem 4.1.  Assume Ry ,(i) (1 <v<w<m,i=1,2,...,n) is determined. Any optimal solution
x* for Problem (12) satisfies that: For any 1 < v < w < m, p € Syr1(x*), and ¢ € S,(x*), we have
Rv,w(p) < Rv,w(‘])'

Proof.  The proof of this theorem is similar to that of Theorem 2.1. O

By Theorem 4.1 and Proposition 4.1, we have that the solution of the Bellman equation (15), {Py, ...,
Py .1}, together with P = S\ (U, il 5 P, possesses the following property: For any 1 < v < w < m,
p € Py, and ¢ € P, we have R, w( ) < Ry ().

Suppose that {Py,..., Py} is the solution of the Bellman equation (15) and Pf = S\( ZHQI Py).
Let k7 ,, = max{ Ry (i) | i€ Pyt and Qi ={i € S| Rim(i) <ki,,}. Then we have P, 1 C Q1m
and that Q1,,, N Py = 0 (This statement can be proved based on Theorem 4.1 with a similar argument
to that of Part (a) of Corollary 2.1).

Let k3, = max{Ro m(i) | i € Py} and Q2.n ={i € Q1.m | Rom(i) < k3,,}. Similarly to Corol-
lary 2.1, we have P, € Q2. and Q2. N Py = 0.

Continuing this process, we can also define Qy,, with similar properties, Py, 1 € Qg m and Qg m N
P]j =0, k =1,2,...,m, as above. Note that P} ; C Qu,m and Qmn N (Uj-; P;) = 0. Therefore,

m+1 - Qm m-

Next, consider G, = S\Py, ., (correspondingly, consider Ry ,—1(i), k = 1,2,...,m — 1, instead of
Rim(i), k =1,2,...,m). By a similar method, we can define Q,,—1,m—1 = Pj. Proceeding similarly,
.,Q1,1 = Py (P{ can be defined by P = S\(U, il 5 Pr)).

By the analysis above, we are able to give the algorithm to solve the Bellman equatlon (15) and
Problem (12). Before presenting this algorithm, we descriptively provide a function, which will be called

- *
we can define Qp—2.m—2 =P} _1,..

in this algorithm. This function runs based on given R, ,, (i), Il <v<w<m,i=1,2,...,n.
Function. [Pi,..., Py, Vi] = f(k,Gy).
If k=1, then let P, = Gy and V; = 0.
If £ > 1, then proceed as follows.
Let P1:~~:Pk_1:®, P. =Gk, Vi =0.
For p1 = 1: |Gy
Choose Q17]€_1 = {il,ig, . ,ipl} - Gk such that R17]§_1(7J1),R1,k_1(i2), ceey R17k_1(ipl) are the P1
smallest numbers in the set {R; ;—1(7) | ¢ € Gy }.
Forpo =1:py
Choose QQ k—1 = {il, iz, .. ipz} C Q1 k—1 such that R2 k— 1(i1), R27k~_1(i2), ey R27}§_1(Z'p2) are
the py smallest numbers in the set {Ra ,—1(7) | i € Q1 -1}

For py—1 =1:pg—2
Choose Qr—1,k—1 = {11,482, ,0p,_, } € Qr—2,k—1 suchthat Ry_1 x—1(i1), Rk—1,k—1(i2),.
Ri—1,5-1(ip,_,) are the py_; smallest numbers in the set {Ry_14,-1(7) | i € Qr—2,k— 1}

Let Gr—1 = Gi\Qk—1,k—1- ) ) )

Call Function f and let [Py, ..., Py_1, Vk—1] = f(k — 1,Gr_1).

If Vi1 + (Zieck\Qkfl,kfl a;bg)® — ZiEGk\Qk—l,k—l cki < Vi, thenlet P, = Pp,...,Po_1 =
Pio1, Po = Qr-1x-1 and Vi = V1 + Cicana_, oy @K = 2ica\Qui s CFir
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End

End
End
With the function above, we have the following algorithm.

Algorithm 4.1.
Step 1: Solve Ry (i), 1 <v <w<m,i=1,2,...,n, by some sorting procedure.
*
=0,

Let P} =-- = P =S VL = 0.

Step 2: Call Function [Pf,..., Py 1,V 1] = fim+1,9).

Step 3: Define z* = (x4, ..., &5« -, Ti1s - - Ty )y Where zf, = - =z, =1fori € Pf; 2}, =--- =
Ty, =0, a5, = =ap,; =1,forie Py (k=1,2,....m); a7, = =uap,, =0forie Py,

Output z* as the optimal solution and V., as the optlmal value for Problem (12).

Theorem 4.2.  Algorithm 4.1 is able to find the optimal solution of Problem (12) with a complexity of
O(nm*+m)/2).

Proof. By Theorem 4.1 and the associated analysis presented previously, one can easily show that the
optimal solution of Problem (12) is examined in Algorithm 4.1. Therefore, Algorithm 4.1 is able to find
the optimal solution for Problem (12).

Step 1 of Algorithm 4.1 runs with a complexity of O(m2nlogn) . In Step 2, assume the function
f(k,Gy) runs with g(k) calculations. Thus, by analysis of Function f, we know that, for any given
ke {1,2,...,m}, f(k+1,Gys1) runs with g(k +1) = px_1 - pr_2...p1 - |Gr|g(k) calculations. Since
Pro1 < Pr_2 < -+ < p1 < |Gr| < n, we have g(k + 1) < nFg(k). Therefore, g(m + 1) = O(n™ - n™~ 1.

-n) = O(n(m*+m)/2) e Algorithm 4.1 runs with a complexity of O(n(m*+m)/2). O

With the method of exhaustion, the running time for solving Problem (12) would be increasing expo-
nentially with n, which means that the method is inefficient. Theorem 4.2 indicates that Algorithm 4.1 is
an effective method for solving Problem (12) compared with the method of exhaustion, especially when
n is large. It can be shown that similar problems as in Section 3 for an m-level supply chain (m > 3) can
also be reduced to a special case of Problem (12). Thus, Algorithm 4.1 can also be applied to solving the
optimal solution for an m-level supply chain with early order commitment.
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